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Abstract
We consider a relativistically moving blob consisting of an isotropic electron dis-
tribution that Compton-scatters photons from an external isotropic radiation field.
We compute the resulting beaming pattern, i.e. the distribution of the scattered
photons, in the blob frame as well as in the observer’s frame by using the full Klein-
Nishina cross section and the exact incident photon distribution. In the Thomson
regime the comparison of our approach with Dermer (1995) results in concurrent
characteristics but different absolute number of the scattered photons by a factor
of fcorr = 3.09. Additionally, our calculation yields a slightly lower boost factor
which varies the more from the corresponding value in Dermer (1995) the higher
the spectral index p of the electron distribution gets.
Key words: galaxies: active, radiation mechanisms: nonthermal, gamma rays:
theory
1 Introduction
Blazars are flat radio spectrum active galactic nuclei that are dominated by
the nonthermal emissions of superluminal moving bulk plasma blobs emitted
from the core (Zensus & Pearson, 1987). Their strong high energy emissions
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show a characteristic double bump structure in their spectra (Sanders et al.,
1989). In leptonic models, the lower energy bump is caused by Synchrotron
emission while the bump at higher energies is produced by inverse Compton-
scattering. According to Synchrotron Self Compton models (SSC) Synchrotron
photons are produced by accelerated particles in the jet, while gamma ray pho-
tons arise from the Inverse Compton-scattered Synchrotron photons (Maraschi
et al., 1992; Marscher & Bloom, 1994). However, external photons that are not
produced inside the jet can also be scattered by the Inverse Compton effect
and can contribute to the emission. External Compton models (EC) consider
photons from the accretion disk or the Broad Line Region (Blandford, 1993;
Dermer et al., 1992; Dermer & Schlickeiser, 1993; Sikora et al., 1994) while
conventional one zone SSC models consider the emission in the blob as ho-
mogeneous. These models assume that the variability of blazar emissions is
limited by the size of the blob. In contrast, two zone SSC models (Weidinger &
Spanier, 2010) allow for shorter variabilities but only spatially resolved models
are suitable for even shorter variabilities. They take angular dependent prop-
erties of the jet into account like the direction of magnetic fields and spatial
variations of electron and photon densities inside the blob.
In this paper we consider spatially resolved SSC models with an EC compo-
nent and are interested in ascertaining the angular radiation characteristics of
the EC component. Dermer (1995) assumed that this beaming pattern is pro-
duced by a relativistic moving blob consisting of isotropic distributed electrons
that Thomson-scatter photons from an external isotropic radiation field. As a
result the isotropic external photons are more strongly boosted than isotropi-
cally distributed photons in a blob within the jet. While Dermer’s calculations
are based on ultrarelativistic electrons and scattering in the Thomson regime,
in this paper we will consider all possible electron energies obeying the Thom-
son as well as the Klein-Nishina regime. Using the exact Klein-Nishina cross
section we compute the distribution of scattered photons numerically, examine
the dependencies of physical parameters and determine the resulting intensity
for an electron distribution given by a power law. Such a calculation has al-
ready been executed by Georganopoulos et al. (2001) but in contrast to them
we do not use the formula of the scattered photons by Jones (1968) that aver-
ages over the photons’ emergent angles. In fact we will inherit the first steps
of Jones exact calculation, i.e. not relying on the head on approximation, and
continue using exact expressions.
We organize the remaining paper as follows. In Section 2 the necessary steps
are shown to calculate the scattered spectrum exactly. In Section 3 the results
in the blob frame as well in the observer’s frame are presented and compared
to both Dermer (1995) and Georganopoulos et al. (2001).
2
2 Calculating the spectrum
In this section we explain the calculation of the spectrum arising from
the isotropically distributed, monoenergetic photons of energy α∗1, that have
been Compton-scattered by the homogeneous electrons in the moving blob.
In the remainder of this work all quantities in the electron rest frame will be
primed, while quantities in the blob frame are unprimed and quantities in the
observer’s frame are annotated by a star. The photon and electron energies
are given in units of the electron rest energy mec
2. Figure 1 illustrates the use
of relative and absolute angles in the restframe of the blob, the blob frame.
The differential number of Compton scattered photons of energy α in the blob
frame given by
dn
dtdΩαdα
=
∫
dγ
∫
dΩe
∫
dα1
∫
dΩα1nph(α1,Ωα1)ne(γ) σ(α1,Ωα1 , γ,Ωe;α,Ωα)
(1)
whereas nph is the incident photon distribution, ne the isotropic electron distri-
bution and σ the full Klein-Nishina cross section. We evaluate this expression
in several steps:
Firstly, the resulting photon distribution in the blob frame is analytically
calculated when a photon of energy α1 (emerging from Ωα1) Compton-scatters
an electron of energy γ (emerging from Ωe).
n
(1)
γ,Ωe(α,Ωα) =
∫
dα1
∫
dΩα1n
(1)
ph (α1,Ωα1) σ(α1,Ωα1 , γ,Ωe;α,Ωα) (2)
The incident photon distribution is given by
n
(1)
ph (α1,Ωα1) =
nph
4pi
δ(Ωα1 − Ω0α1) δ(α1 − α01) (3)
and we assume the incident photons emerging from θ0α1 = 0. δ denotes the
Dirac delta function. We use the full Klein-Nishina cross section in the electron
rest frame is given by (Jones, 1968)
dσ
dα dcosχ′ dφ′
=
r20(1 + cos
2 χ′)
2 [1 + α′1(1− cosχ′)]2
[
1 +
α′21 (1− cosχ′)2
(1 + cosχ′2) [1 + α′1(1− cosχ′)]
]
× δ(α′ − α
′
1
1 + α′1(1− cosχ′)
), (4)
where r0 = e
2/mc2 and χ′ denotes the scattering angle in the electron rest
frame. We transform the Klein-Nishina cross section into the blob frame by
dσ
dα dΩα
=
dσ
dα′ d cosχ′ dφ′
d cosχ′ dφ′
d cosχ dφ
d cosχ dφ
dΩα
dα′
dα
. (5)
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Fig. 1. Angles involved in the scattering process as viewed in the blob frame
The transformations between relative (θ, θ1, χ) and absolute coordinates (θα,
φα) (cf. Figure 1) are given by
cosχ= cos θα
cos θ1 = cos θe (6)
cos θ= cos θα cos θe + sin θα sin θe cos(φα − φe)
while the transformations between electron rest and blob frame are as follows:
d cosχ′
d cosχ
=
1
γ2(1 + β cos θ)(1 + β cos θ1)
dφ′
dφ
=
1 + β cos θ1
1 + β cos θ
(7)
dα′
dα
= γ(1 + β cos θ)
Secondly, we calculate the emergent photon distribution when a photon
Compton scatters a homogeneous electron distribution. Hence, because of the
homogeneous electron distribution ne(γ), the resulting analytic term from
equation (2) is numerically integrated over the solid angle of the electrons
Ωe in the blob frame.
n(1)γ (α,Ωα) =
∫
dΩe n
(1)
γ,Ωe(α,Ωα) (8)
We checked the accuracy of the results by revisiting the properties of Compton-
scattering, e.g. forward scattering for only α = α1 or the maximal energy
gained by scattering.
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Thirdly, we assume an incident monoenergetic isotropic photon distribution
in the observer’s frame n∗ph(α
∗
1,Ω
∗
α1
) = n∗ph,0 and transform it into the blob
frame
nph(α1,Ωα1) =
n∗ph,0
Γ3(1−B cos θα1)3
δ
(
α1 − α
∗
10
Γ(1−B cos θα1)
)
, (9)
This allows us to integrate the obtained result in equation (8) over the incident
photon distribution nph(α1,Ωα1). For that purpose the emergent solid angle
Ωα is rotated with respect to the considered incident photon direction Ωα1 , i.e.
the new Ωα is given by RˆΩα1Ωα. RˆΩα1 represents the rotation operator with
respect to Ωα1 .
nγ(α,Ωα) =
∫
dα1
∫
dΩα1nph(α1,Ωα1) n
(1)
γ (α, RˆΩα1Ωα) (10)
The integration over all directions (Ωα1) and energies (α1) is done numerically.
Fourthly, we assume the energetic distribution of the electrons as ne(γ) =
n0e γ
−p and consider energies ranging from γ = 1 to γ = γmax = 1012. In order
to integrate over the electron energies each number of electrons of energy γ is
multiplied by the respective calculated differential number of the Compton-
scattered photons in the third step (cf. equation (10)). The obtained values
are summed up for all energies γ.
n(α,Ωα) =
∫ γmax
1
dγ ne(γ) nγ(α,Ωα) (11)
Finally, we transform the resulting differential photon distribution expressed
in the blob frame into the observer’s frame using
dn∗
dt∗ dα∗ dΩ∗α
=
dn
dt dα dΩα
Γ(1−B cos θα)2. (12)
The intensity is yielded by
I∗ = I Γ3(1−B cos θα)3 = α dn
dt dα dΩα
V
d2
Γ3(1−B cos θα)3 (13)
where V is the volume of the blob and d2 its area perpendicular to the moving
direction of the blob.
3 Results and discussion
The characteristic spectrum of the Compton-scattered photons is a broad-
ened peak if we assume an isotropic electron distribution in the blob frame.
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When plotting the spectrum on a double logarithmic scale graph, two char-
acteristic areas show up. These are the regime of elastic scattering, i.e. the
Thomson regime, and the regime of inelastic scattering, i.e. the Klein-Nishina
regime. Defining the electron distribution by a spectral index p the differen-
tial number of photons in the Thomson regime depends on α−(p−1)/2. In the
Klein-Nishina regime the spectral index is characterized by a higher spectral
index.
3.1 Blob frame
Choosing an electron distribution of ne(γ) = γ
−2.2, the plot of the differ-
ential number of scattered photons displays the transition from the Thom-
son (elastic scattering) to the Klein-Nishina regime (inelastic scattering) that
is displayed as a sharp break in Figure 4. The upper limit of the Thom-
son regime depends on the initial energy in the observer’s frame because
depending on the incident angle of the external photons they loose or win
energy due to the change of the frame of reference. The maximal electron
energy γT,max that allows scattering in the Thomson regime determines this
upper limit: α1,minγT,max < 1. Hence, the maximal photon energy that re-
sults from Thomson scattering is defined by the maximal electron energy, i.e.
αT,max = 4α1,minγ
2
T,max. The higher Γ, the more the incident photon distribu-
tion is peaked, the higher the maximum energy α1,max = 2Γα
∗
1 and the lower
γT,max and the Thomson limit.
3.2 Observer’s frame
Boosting the resulting spectrum into the observer’s frame enhances the
differential number of photons emerging at θ∗α → pi and decreases those
emerging at θ∗α → 0. The main characteristics of the spectrum - in partic-
ular the break - remain. In Figure 2 the development of the break is shown
by choosing different maximal electron energies of γmax = 10
6, 108, 1010, 1012.
The higher the electron energy, the higher the maximal energy of the scat-
tered photons. In the Klein-Nishina regime photons are scattered to ener-
gies up to α∗KN,max = 2Γγmax while in the Thomson regime up to α
∗
T,max =
2Γ 4α1,minγ
2
T,max. The break gradually appears as scattering is dominated
by the Klein-Nishina regime. It turns out that this break is sharper than in
Georganopoulos et al. (2001). As we do not use any approximations (e.g. head
on approximation, outgoing photons are directed along the direction of the
scattering electrons, i.e. Ωα = Ωe) when calculating the spectrum the sharper
break is due to the angle averaged solution of Georganopoulos et al. (2001)
(introduced by Jones (1968)). By taking the average of all emergent photon
6
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Fig. 2. Comparison of the gamma ray emissivities assuming different maximal elec-
tron energies γmax = 10
6, 108, 1010, 1012. Emissions are presented in the observer
frame assuming a spectral index of the electron distribution of p = 2.2, n0e = 1,
nph = 1 and an incident photon energy of α
∗
1 = 10
−9. Emissions are calculated in
the observer frame and correspond to a viewing angle of 0◦ if Γ = 20.
angles in the blob frame we studied how angle averaging effects the shape of
the break (cf. Figure 3). The break becomes less sharp and is similar to the
shape of the break in Georganopoulos et al. (2001). The number of photons
of the angle averaged solution is lower than those of the exact calculation due
to the decreasing photon number at lower emerging angle θ∗α.
3.3 Comparison with Dermer (1995)
In the following section we compare our results to those of Dermer (1995)
with respect to the regime of elastic scattering (Thomson regime). We observe
the differential scattered photon number to be larger than predicted by Dermer
(1995) (cf. Figure 4). Dermer considers only the emergent photons that are
scattered to the maximal energy αmax = 4α1γ
2. This fact explains the observed
difference since in our work all photons with energies ranging from the initial
photon energy to the maximum energy αmax are also considered. We obtain
Dermer’s result if we only take into account the photons that are scattered to
the maximum energy. The distribution of scattered photons in the observer’s
frame as well as the difference to Dermer highly depends on the observing
angle and the velocity of the blob. Depending on the emergent angle θα and the
gamma factor of the blob Γ the relative difference  of the differential number of
scattered photons between our exact calculation and Dermer (1995) is shown
in Figure 5 as a contour plot. The mean value for all relative differences for
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Fig. 3. Comparison of the gamma ray emissivities using angle resolved and angle
averaged calculations. Emissions are presented in the observer frame assuming a
spectral index of the electron distribution of p = 2.2, n0e = 1, nph = 1 and an
incident photon energy of α∗1 = 10−9. Emissions are calculated in the observer
frame and correspond to a viewing angle of 0◦ if Γ = 20.
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Fig. 4. Comparison between the gamma ray emissivities using the full Klein-Nishina
cross section and Dermer’s approximation. Emissions are calculated in the blob
frame and correspond to a viewing angle of 0◦ if Γ = 20. The spectral index for the
electron distribution runs p = 2.2, n0e = 1, nph = 1, 1 ≤ γ ≤ 1012.
2.00 ≤  ≤ 2.12 is given by lim = 2.09 and hence the correcting factor runs
fcorr = 1 + lim = 3.09. The limits for the gamma factor of the blob Γ and the
emergent angle θα can be deduced from the values in Figure 5.
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Fig. 5. Relative difference  of the differential number of scattered photons between
this exact calculation and Dermer (1995), dependent on the emergent angle θ and
the gamma factor of the blob Γ. The lines are contour lines and show together with
the coulors the value of the relative difference.
We find that for higher emergent angles θα > 2.09 rad and higher blob
velocities Γ > 2.8 our differential number of scattered photons is higher by a
factor of fcorr = 3.09 than calculated in Dermer (1995). Hence, Dermer’s ap-
proximations can be used for high Doppler factors and small observing angles,
i.e. θα = pi. But for higher observing angles and smaller Doppler factors the
deviation increases and the Klein-Nishina cross section and the exact incident
photon distribution must be considered. Considering the boost factor that is
needed to transform the differential number of scattered photons from the
blob frame into the observer’s frame, we computed a lower boost factor than
derived in Dermer (1995). Analogously to Dermer (1995) the boosting depends
on the spectral index p of the electron distribution. If aα and aθα describe the
exponents of the Dopplerfactor of the respective quantities, the found boost
factor goes as D3+aα+1+aθα . aα coincidences with Dermer’s a = (p− 1)/2 and
aθα reaches a smaller value. This difference can be explained by Dermer’s use of
the head on approximation. Dermer uses this approximation for all scattering
processes but actually it is not valid for low energetic electrons. Furthermore
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the number of low energetic electrons coincides with the decrease of the devi-
ation when smaller spectral indices of the electron distribution are considered.
3.4 Conclusions
Comparing our work to Georganopoulos et al. (2001) we did not use the
head on approximation as well as the calculated scattered spectrum by Jones
(1968) that averages over all angles of the emergent photons. In Georganopou-
los et al. (2001) the only angle dependent quantity is the Doppler factor
while we computed directly the angle dependent scattered spectrum. While
the rough shape and peak energies coincidences with Georganopoulos et al.
(2001) we find as already mentioned a smaller boost factor than Dermer (1995)
and Georganopoulos et al. (2001). Due to the exact calculation the break in
our spectrum is much sharper than in Georganopoulos et al. (2001). But tak-
ing the average of all angles of the emergent photons softens the break and
approaches the results of Georganopoulos et al. (2001).
Summing up, in contrast to Dermer (1995) we observe a higher differential
number of scattered photons in the regime of elastic scattering. Furthermore a
lower boost factor was computed because we considered the exact distribution
of the incident photon field. Despite this difference Dermer’s approximation is
applicable for high Doppler factors and small observing angles. But for high
inclination angles (e.g. M87, Giovannini et al. 2010) or small Doppler factors
(e.g. BL Lacertae 3C371.0 or RG 3C84, Hovatta et al. 2009) the calculations
of this work should be used. Furthermore for high electronic spectral indices
Dermer’s boost factor overvalues and a too large number of scattered photons
is yielded.
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